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andThomasF.Bridglsnd,Jr.

SUMMARY

A theoreticalinvestigationhasbeenmadeto determinetheeffects
of control-surface-servonaturalfrequencyuponthetransientcharacter-
istics- responsethe, attitudeaccuracy,peakrateandtotalvolumeof
oilflowthroughtheservo,andmcdmumnormal.accelerationoftheair-
frsme- ofa flight-path-anglecontrolsystemforthreevaluesofthe
airfrsmestaticmarginandfiveflightconditions.

Theplotsoftransientcharacteristicsagainstcontrol-surface-servo
naturalfrequencyshowthatno appreciableimprovementinresponsetime
isachievedby increasingthecontrol-surface-servonaturalfrequency
beyond~0radians/see.Forthelargerairframestaticmarginsconsidered
intheinvestigation,useof servo‘naturalfrequenciesintheneighbor-
hoodof70radians/seeyieldsa maximumtotalvolumeofoilflowthrough
theservo,whereasan almostlinearincreaseinpeakrateofoilflowis
effectedby increasein servonaturalfrequencywiththehighestpeak
ratesat a givenfrequncybeingexhibited
largerairframestaticmargins.

INTRODUCTION

Aspartofa generalresearchprogrsm,

bythesystemshavingthe

theLangleyPilotlessAircraft
ResearchDivisionhasbeenconductinga theoreticalinvestigationofa
supersonicmissileconfigurationincorporatedinvarioustypesofautomatic
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controlsystems.Thepresentinvestigationisconcernedwithanalysis
ofa flight-path-anglecontrolsystemincorporatingthismissile.

Theeffectof control-surface-servonaturalfrequencyuponthetran-
sientcharacteristics- responsetime,attitudeaccuracy,peakrateand L
totalvolumeofoilflowthroughtheservo,andmsximumnormalaccelera-
tionoftheairfrsme- wasinvestigatedforthreevaluesofairframe
staticmarginandforfiveflightconditions.

Theanalysiswasexecutedby simulationofthedynsmiccomponents
ofthecontrolsystemontheReevesElectronicAnalogComputer(REAC)at
theIangl..eyLaboratory.Theadjustablegainsofthecontrolsystemwere
setat oneflightconditionandheldconstantfortheotherflightcon-
ditions.Thesegainswereadjustedsoas toyielda minimumerror
responsebetweenthepitch-attitudeangleoftheairframeanda unitstep
inputtothef~ght-path-anglecontrolsystem.Theanalysis,.wasperformed
undertheassumptionthatdirectsensingofflight-patianglewaspossible.

SYMEOLS

E meanaerodynamicchord,l.~ ft

J% outputofrategyroproportionalto 6.,deg

g accelerationduetogravity,32.2ft~secz

K control-stiace-servostaticgain,deg/deg

%
staticgainconstantoftransferfunction,no~Qo9
g units/deg/sec

EC staticgainconstantoftransferfunction,%#ol
deg/deg/6ec

%3 normalaccelerationofairframe,g units

M Machnuaiber

~ dynamicpressure,lb/sqft

s totalwingarea,4.1sqft

s Iaplacetransfow~

)----
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‘sm staticmargin,fractionof E

t tine, sec

w weightofairframe,lb

% angleofattack,deg

7i desiredflight-pathsingle

7(3

E

‘1
E*

%

CL

of controlsystem,deg

flight-path-angleoutputof controlsystem,*g

control-surfacedeflection,deg

flight-path-aug.leerrorsignal,7i - 7.,deg.

inner-looperrorsignal,E - ~, deg

errorsignal,7~+ q, aeg

pitch-attitude-angleerrorsignal,yi - 8.,*g

quadraticdampingratioof control-surfaceservo

pitch-attitudeangleofairframe,deg

control-surface-servoundampednaturalfrequency,
radians/see

liftcoefficient,Lift/qs

~l~~(t)ldt~asme ofattitudeaccuracy,deg-sec

fl~(t)ldtmeasureofflight-pathaccuracyjdeg-s~c

3
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Subscripts:.

i input

o output

A dotovera symbolindicatesa derivativewithrespecttotime.
.

DESCRIPTIONOFCONTROLSYSTEM

MajorComponents

Theblockdiagramoftheflight-path-anglecontrolsystemunder
considerationinthisinvestigationis shownas follows:

+ Control-surfaceservo+ ~AiIfrsnE >

%12
7

6 ●

as+b e. Qbs %3 ~

B2+ 2@f3 + %2 S(S2+ Cs+ d) as+b q
( —l—’

1 I

70

T
The missileconsideredinthisanalysis,as showninfigure1, isa

symmetricandcruciformconfigurateionhavinga finenessratioofapprox-
imates16. Thewingsandcanardfinshavea deltaplanformwiththe
leadingedgessweptback60°andwitha modifieddouble-wedgecrosssec-
tion. Thehorizon-&l.canardfinsprovidelongitudinalcontrolandaux-
iliarydsqing,thelatterthroughtheaction-ofa rate#ro
control-surfaceseryo.

.
Therate~o isassmedtobe a perfectdifferentiator

transferfunction

E
‘(S) = Krs00

Em!!!lP

andthe

withthe

I
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Longitudinalcontroldeflectionsaxeproducedby theactionofa hydraulic
servo,ofthetypedescribedinrefer&ce1,ha&g thetransferf-mction

Thefourvaluesofthecontrol-surface-servonaturalfrequencyq con-
sideredinthisinvestigationareasfollows:% = 30,50,70,and140
with { = 0;5.

Thetransferfunctionsrelating00 to 5, q to O.,and y.
to q, derivedfromtheairframeequationsofmotionassumingtwo
degreesoffreedomlongitudinallyandsmalldisturbancesfromlevel
flight,are,respectively,

$(s) = as+b
S(S2 + CS + d)

*(S). &
g

Thecoefficientsofthesetransferfunctionsarefunctionsoftheair-
framestabilityderivativestabulatedinreference2. valuesof a, b,
C, d,and Kg forthevariousflightconditionsinvestigatedarelisted
intableI.

MethodofSensingFlight-PathAngle

Intheensuinganalysis,directfeedbackof 70 isassumed.Although
suchdirectsensingofflight-pathangleisnotphysicallyrealizable,
itmaybe accomplishedindirectlyinthefollowingmanner,basedonthe
relation70= 00 - ~. Iftheangleofattack~ is sensedby,for
example,anangle-of-attackvaneandthecorrespondingsignal repre-
senting~ isaddedtotheinput 7i,theerrorsignal~2,isproduced

,
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as showninthe

Subtractingthe
errorsignal;

.
followingdiagram:

Yi + ‘2 + E

t\

a. 00

pitch-attitude-angle’signal80 from ~2 givesthe
= 7i+ a. - Elo.But, a. - 00= -7.. Hence,~ = 7i - 7..

Thiserrorsignale isthenusedas an inputtothecontrol-surface
servojustas inthesystemconsideredinthispaper.

Alternately,~ maybe obtainedastheoutputofanaccelerometer
57*3W~.se~itivetonom acceleration~, shce,for CL = o) ~ = —

6 qsc
La.

A disadvantageofthismeansof obtainingU. isthattheaccelerometer
staticgain,whosevaluewillbe theratio 57.~\@C%, mustbe sensitive
to change;in C% andinthedynamicpressureq. Theextremevalues

oftheratio 57.X/qsC~ forthemissileconfigurationconsideredherein

areforsea-levelflight.A variationinMachnumberfrom1.0to 2.0
producesa variationinthisratiofrom0.476°perg unitto O.l~Oper
g unit.

ANALYSISPmcmJRE

Thepurposeofthisinvestigationisto deteminetheeffectofthe
control-surface-servonaturalfrequencyuponthetransientcharacteristics
ofthecontrols~temwithvariationsintheairframestaticmarginfor
variousflightconditions.

Compactcontrolsystemsdemnd lowvaluesoftotaloilconsumption
andpeakrateofoilconsumptionby theservo.Followingreference1,
thesequantitiesaretakenasbeingproportionalt~ thetotalcontrol-
surfacetravel$Idbl and ~, respectively,andareusedas a basis
of comparisonforthesystemsinthisinvestigation.

Themissileofthisanalysishasa designloadlimitof25g;hence)
inputamplitudescausingthemissileaccelerationresponseto exceedthis

-7-
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lhit arenotpermissible.Inorderto obtainan indicationoftherange
ofpermissiblestepinputamplitudesforthesystemsofthisanalysis,
thepeakaccelerations% inresponsetoa unitstep 7i inputare
comparedforeachstaticmarginandflightcondition.

Gainadjustmentcriterion.-Investigationdemonstratedthat~hegain
ad$.urkmentcriterionofreference1 yieldedsuchhighvaluesof ~a
and % fortheflight-path-anglecontrolsystemthatthiscriterion

wasnotconsideredfeasible.Forthepresentanalysis,thegains K
~d Kr areconsideredtobe optimumwhentheirvaluesaresuchas to
minimize~lce(t)ldtwhere ~e= 7i - f30.Adjustmentofthegainsin

thismannerpermitsthecontrolsystemto operatewithinthepractical
limitsofexistingservosandwithinthedesignloadlimitofthemissile
fora broaderrangeofamplitudeoftheinput 7i. Forthisinvestiga-
tion,lowvaluesof f]eo(t)ldtaretakenasbeingequivalentto~gh

attitucieaccuracy.

A furtheradvantageoftheapplicationof
totheflight-path-anglecontrolsystemmaybe
temwereusedinconjunctionwithsometypeof
be enabledtopointmoreaccuratelytowardthe
oftheminimizedattitudeerror,thusyielding
keepingthetargetwithinthefieldofviewof

theforegoingcriterion
that,ifthecontrolsys-
seeker,themissilewould
targetaircraftin virtue
a greaterprobabilityof
theseeker.

mti adjutienttechnique.-T@ procedureforobtainingthegai~ K
and Kr ofthecontrolsystemwasperformedontheREACforeachstatic
marginandeachvalueofthecontrol-surface-servonaturalfrequencyin
thefollowingmamner.TheflightconditionM = 1.6 at sealevelwas
chosenfortheminimizationcondition.Therate-gyrogain Kr wasset
ata givenvalueandthecontrol-surface-servogain K variedovera
rangeofdiscretevalues.At eachvalueof K, thevalueof J’leG(t)ldt

resultingfroma unitstepinputwastabulated.Theintegrationof Ie~(t)I
wasextendedovertheintervalfrom t = O to,effectively,t+. A
plotwasthenmadeof ~]~e(t)ldtagainstK fortheparticularvalue
of Kr used. Kr wasthenadjustedto a newvalueandtheforegoing
processrepeated.As is shownfora typicalcaseinfigure2,eachof
thecurvesplottedagainstK exhibitsa well.-definedminimum.During
theprocessof obtainingthesecurves,carewastakentousea suffi-
cientrangeofvaluesof K to locatethisminimumclosely.Itwas
alsoestablishedthatthis~umwas unique,withintheREACvoltage
limits,foreachcurve.

W considering~l~e(t)ldtasa functionofthevariablesK
and Kr,figure2 maybe viewedastheparametriccontourrepresentation

,
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ofthesurfaceJlee(t)ldt= F(K,&) with ~ asparameter.Themini-
munofthissurfaceis immediatelyobtainedfromthecontourofparam-
eter Kr = 0.015 inthecaseshown.
~i%(t)]dt iS a mininnmat

ValueSof K ~d Kr forwhich
M = 1.6 forsea-levelflightaretabulated

forvariousvaluesof staticmarginand ~ intableII.

swmnarizationof yo(t) TransientData

b theanalysis,minimizationof ~Ice(t)ldt Welded 70(t)tr@-
sientresponsesthatexhibited,ingeneral,a slowexponentialrisewith
well-dsmpedoscillatorymodesas showninfigure3,whichcontainsa se~’
oftypicaltrausientresponsesofthesystemas obtainedfromtheREM.
Forthistypeofmotion,thevariationofthemeasureofflight-path
accuracyf1~(t)Idt with ~ isusuallyreflectedinthevariationof
responsetimewith ~. Thislattercharacteristic,responsetime,Is
usedas a basisof comparisonforthe ye(t)transientdataobtainedin
thisinvestigation.Herethedefinitionofresponsetimeisthatgiven
inreference1. Itisthattimebeyondwhicha transientresponsetoa
stepinputremainswithin5 percentofitssteady-statevalue.

RESULTSANDDISCUSSION

Thevaluesof K and Kr givenintableIIweresubstitutedsuc-
cessivelyin thesystemtransferfunctionsmd plotsob~ed of 70(t)~
b(t), ~(t),and ~(t) inresponsetoa unitstep 7i inputforeach
staticmarginsndeachflightcondition.Numericalvaluesof ~l~~(t)ldt
werealsoobtainedforeachoftheseconditions.Thesedataaresumar-
izedasplotsofresponsetW, ~l~~(t)ldt,fl~l, b, ~d ~
infigures4 to 8, inclusive.

ResponseTime

Ilgure4 indicatesformostcasesa gradualdecreasein 70(t) response
timewithincreasingcontrol-surface-servonaturalfrequency.T’@sdecrease
isofanasymptoticnaturewith,ingeneral,littleimprovementin response
timebeingnotedforfrequenciesgreaterthan ~ = 50. Asnotedinthe
precedingsection,a similarvariationofthemeasureofflight-pathaccu-
racy fle(t)]dtwithfrequencymightbe expected.

——-. –––————————-— -— ——
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Infigure4 itisfurtherobservedthat,

9

.
exceptfortheflightcon-

ditionsM = 1.2 at sealeveland M = I-.6at40,~ feet,+ariation
in staticmarginfora givenMachnumberandsltitudeproducedvaria-
tionofresponsetimeoflessthan0.2secondforfrequenciesgreater
than ~=50. Fortheaforementionedexceptionalcases,thelargeand.
intermediatestaticmarginsproducedtransientswiththeleastresponse
timefor M = 1.2 at sealevelandtheintermediatestaticmarginpro-
ducedtheleastresponsetimefor M = 1.6 at 40,000feetoverthe
entirefrequencyrange.

Figure4 alsoindicatesthatfora givenstaticmargin.theresponse
timedecreaseswithincreasingMachnuniberforflightat sealevelover
theentirefrequencyrange.
altitudeincreasesresponse

Also,fora Machnumberof1.6,increasein
time.

AttitudeAccuracy

Figure5 presentstrendsforattitudeaccuracysimilarto thosefor
responsetime. Increaseincontrol-surface-servonaturalfrequencyis
accompaniedby an increaseinattitudeaccuracywhichgenerallyis con-
siderableforfrequencieslowerthan ~ = 70 butwhichbecomesnegligi-
bleforfrequenciesgreaterthan ~ = 70.

As furthershownbyfigure5,variationinllachnmiberfrom1.2
to 2.0at sealevelproducestheleastvariationinattitudeaccuracy
fora largestaticmarginandthegeatestvariationfora smallstatic
margin.However,therolesofthesetwostaticmarginsme reversed
foran increaseinaltitudefromsealeveltoko,ooofeetat M = 1.6.
Forthiscase,attitudeaccuracyexhibitsthegreatestvariation,at low
valuesof W, fora largestaticmarginandtheleastvariationfora
smallstaticmargin.At frequenciesgreaterthan ~ = 70,allstatic
marginsmanifestaboutthesanedegreeofvariationofattitudeaccuracy
withaltitude.

Theeffectofvariationin staticmargin
tionsisalsoindicatedinfigure5. At M =
marginsystempossessesthegreatestattitude

forvariousflightcondi-
1.2,thelargestatic-
accuracy.Forthehigher

Machnumbers,thesystemhavingtheintermediatestaticmarginisthe
mostaccurateforthemidrangefrequencies,beingequalledinthisrespect
by thelargestatic-marginsystemathigherfrequencies.Forthehigher
frequencies,thelargestatic-wginsystemisthemostaccurateat all
altitudes.
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Totalvolume of OilFlow

It is seeninfigure6 that,fortheintermediateandlargestatic
margins,an increasein control-surface-serwnaturalfrequencyfrom
~ = 30 to w = 70 causeda decidedincreaseintotalvolumeof oilflow
required,with~ totalvolumerequiredbeingattainedat ~ = 70.
Thismsxinmnisparticularlypronouncedforthelargestatic-marginsys-
tem. Thesmallstatic-marginsystemexhibiteda fairlyconstanttotal
volumedemandovertheentirefrequencyrange.

h general,figure6 showsthattheeffectofincreaseinMachnum-
berat sealevelwasan increaseintotalvolumeofflow,particularly
at themiddleofthefrecpencyrange,withthisquantitytendingtoward
thesamevalueforallMachnunibersatthehigherfrequencies.Thefore-
go~ effectsbec~ moreObtiOUSwithincreasingstaticmargin.Increase
inaltitudeat M = 1.6 forthelargestaticmarginhadthereverse
effect,generallytendingtoreducethetotalvolumeof oilflow.

Figure6 furtherindicatesthat,forallMachnumbersandaltitudes,
increasein staticlnargineffecteda correspondingincreaseintotal
volumeofflow,thesystemhavingthesmallstaticmargindemandingthe
leasttotalvolumeandthesystemwithtbelargestaticmargindemanding
themost.

PeakRateofOilFlow

Figure7 presentsa sumnaryof dataforthepeakrateofoilflow
foronlyoneflightcondition.ForotherMachnumbersandaltitudes,
thevaluesofthepointsshowninthisfiguredifferby onlya fewpercent.
Theoutstandingfeatureoftldsfigureisthatforeachstaticmarginthe
peakrateof oilflowexhibitsan almostlinearincreasewithcontrol-
surface-servonaturalfrequency.Itisalsotobe
theairframestaticmarginincreasesthepeakrate
frequencyrange.

~ NormalAcceleration

observedthatincreasing
offlowovertheentire

~figure 8 it is seenthat ~ exhibitsa generallydecreasing

trendwithincreasingcontrol-surface-servonaturalfreqwncyexceptfor
theSW static-marginsystemforwhich ~ manifestsa slightriSe

forfrequenciesgreaterthan ~ = 70.
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Anadditionalobservationisthat

u

increaseswithincreasing

Machnuuiberanddecreaseswithincreasingaltitude.Also, ~ gen-

erallyincreaseswithstaticmargin,thisticreasebeing,however,at 2.5g.

Figure8 alsoshowsthatforno flightconditiondid ~ exceed

8g fora unitstep 7i input.Hence,forthismissileat -M= 2.0 in
sea-lemlflight,thema@mum-step-input7i anplitudewouldhavetobe

restrictedtobe lessthanapproximately3°.

CONCLUSIONS

A theoreticalinvestigationhasbeenmadeto determinetheeffects
of control-surface-servonaturalfrequencyuponthetransientcharac-
teristicsofa flight-path-anglecontrolsystemforthreevaluesofthe
airframestaticmarginandfiveflightconditions.Ihviewoftheresults
indicatedby thetransientcharacteristicsintheprecedingsection,the
followingconclusionsmaybe drawn:

1.Negligibleimprovementinresponsethe isachievedthroughthe
useof servoshavinga naturalfrequencygreaterthan50radians/see.
At frequenciesgreaterthem50radians/see,variationin staticmargin
at a givenflightconditionhasa negligibleeffectupontheflight-path-
angletransientresponsetimewiththeexceptionofflightat a Mach
numberof1.6atk0,000feetandata Machnumberof1.2at sealevel.
Fora givenstaticmargin,a decreaseintheflight-path-angletransient
responsetimeiseffectedby an increaseinMachnumberforsea-level
flightandby a decreaseinaptitudefora Machmmiberof1.6.

2. Increaseinattitudeaccuracyisnegligibleforincreasesbeyond
70radians/seeintheservonaturalfrequency.Increasingthestatic
margindiminishesthevariationinattitudeaccuracyeffectedby changes
inMachnumberforsea-levelflightovertheentirefrequencyrange.

3.Althoughthesmsllstatic-marginsystemmanifestsan almostcon-
stantdemandontotalvolumeofoilflow,thelargeandintermediate
static-marginsystemsexhibitan increasingtotalvolumedemandwith
increasingservonaturalfrequencyto-yOradians/see,afterwhichit
decays.Fora givenstaticmargin,decreasingtheMachnmber at sea
levelorincreasingthealtitudeat a Machnumberof1.6hastheeffect
ofreducingthetotalvolumeof oilflowrequired.Fora givenflight
condition,reductionofstaticmargineffectsa reductionintotalvolume
offlowrequired.

.——. . ..— ——.— —. —.- .—— —___ . -—— —
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k.Thepeskrateof oilflowdisplaysanalmostlinearincreasewith
servonaturalfrequencyforallstaticmarginsandallflightconditions.
Variationsinflightconditionat a givenstaticmarginhasno discerni-
bleeffectuponthepeskrateofflow. Peakrateofflowincreaseswith
staticmarginforallflightconditions.

5. Wx-normal accelerationoftheairframeexhibitsa generally
decreasingtrendwithincreasingservonaturalfrequencyexceptforthe
smallstaticmarginwhichexhibitsa slightincreaseforfrequencies
greaterthan70radians/see.Fora givenstaticmargin,maximumnormal
accelerationincreaseswithMachnuniberforsea-levelflightanddecreases
withincreasingaltitudeat a Machnuriberof I-.6.Fora givenflight
condition,maximumno-l acceleration~cre~es ~th static~g~.

LangleyAeronauticalLaboratory,
NationalAdvisoryComnitteeforAeronautics,

LangleyField,Vs.,September29,1953.
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TABLEI.-MRFRAMETRANSFERFUNCTIONCOEFFICIENTSFORVARIOUS

VALUESOFSTATICMARG~,MACHNUMBER,ANDALTITUDE

[C = l.~ feet]

13

Mach Altitude, ~ b d Kg~cnuniber ft g units/deg/sec

‘sm.= 0.0945at M = 1.6

1.2 Sealevel 407 1,587 6.44 209 0.726
1.6 Sealevel 62J_ 2,7$)’j’ 7.76 230 .968
1.6 10,000 425 1,357 5.56 155

● 934
1.6 40,mo I-I-5 1.67 ● 842
2.0 Sealevel 797 4,?; 9.35 1: 1.u8

Sealevel 407 1,587
Sealevel 6Z 2,797
10,OOO 425 1,357
40,000 I-I-5
Sealevel 797 4,?$

‘Sm= 0.56M

atM= 1.6

T

6.64 518
8.03 690
5.n 469
l.n 125
9.23 871_

at M= 1.6

1.2 Sealevel ’407 I, 587
1.6 Sealevel 62rL 2,797
1.6 10,000 425 1,357
1.6 40,000 115
2.0 Sealevel 797 4,R

0.726
.968
.934
●842
1.218

7.15 0.726
8.64 lE .968
6.14 890 .934
1.84 241 .842
9.% 17% 1.=8

—. —— —- —--—— ————— —— —_—.—..—
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TABLEIc.- VALUESOF KANDKr FOR~oN OF fl~e(t)ldtAT

M =1.6 ANI)SEAIX’WL~ AWIXSTCOI?’I!ROL-WIWAC?WWIWO

NATURALFREQUENCYFORTHREESTATICMARGINS

% K %

‘Sm= 0.@4~ at M = 1.6

30 0.278 0.60

50 .320 .065

70 .306 .070

140 .344 .065

~ = 0.294@at M = I-.6

30 0.755 0.015

50 .960 .030

70 ;990 .040

140 .9a2 .045

‘an = 0.564?!at M = 1.6

30 1.50 0.004

50 1.74 .015

70 1.96 .025

140 1.99 .030

—.. ——. ——— ————.



r--

/“;

‘“- n

-[

Figure 1.- Photograph of missile configuration.
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Ee(t) is obtained from tha response to a

M = 1.6 at sea level.

E’
of the surface J’] Iee(t)dtE F(K, Kr) where z

g

unit step input yi(t). ~ is given for
:

I

1.8 2.0 ‘a.2 2,4 2.6

atatlc gain, K, de~deg
!5
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